Abstract. We construct seven kinds of three-qubit biseparable states to show that every class of biseparable states in the partial separability classification proposed by Szalay and Kökényesi [S. Szalay and Z. Kökényesi, Phys. Rev. A 86, 032341 (2012)] is nonempty.
Introduction
Entanglement is considered as one of the main resources in the current quantum information theory and it is an important research topic to detect entanglement. A state is said to be separable if it is a convex combination of pure product states and entangled if it is not separable. In multipartite systems, we have various kinds of separability and entanglement according to partitions of systems, and several authors [1, 2, 3, 4, 5, 6] classified them. A multipartite state is said to be biseparable if it is a convex combination of states which are separable with respect to bipartitions of systems. The class of all biseparable states makes the largest classes of separable states, and the classification problem is how to classify biseparable states.
Most recently, Szalay and Kökényesi [7] proposed a finer classification than the previous ones for tripartite systems, but some of the classes in this classification are not known to be nonempty (see also [8, 9] ). In this paper we give analytic examples of three-qubit biseparable states to show that they are nonempty. We construct requested examples among X-shaped states whose entries are zero except for diagonal and antidiagonal entries. We had considered in [10] entanglement witnesses corresponding to various notions of separability and characterized [10, 11] such entanglement witnesses for X-shaped self-adjoint multiqubit matrices as well as various kinds of separability. These results are the main tools to construct examples.
Recall that a tripartite state is said to be A-BC separable if it is separable with respect to the bipartition A:BC of the systems A, B, and C. We also define B-CA and C-AB separability similarly. We first construct a three-qubit state ̺ 1 which is (1a) A-BC separable, (1b) a mixture of B-CA or C-AB separable states,
This shows that the class C 2,6,1 is nonempty with the notation in [7] . The classes C 
Construction
Three-qubit states are considered as 8 × 8 matrices, by the identification M 8 = M 2 ⊗ M 2 ⊗ M 2 with the lexicographic order of indices in the tensor product. Therefore, a three-qubit X-shaped Hermitian matrix is of the form
for a, b ∈ R 4 and z ∈ C 4 . An X-shaped state is also called an X-state for brevity.
By the result in [11] (see Proposition 5.2 therein), we see that a three-qubit X-state ̺ = X(a, b, z) is A-BC separable if and only if it is of positive partial transpose as a bipartite state with respect to the partition A:BC. Therefore, ̺ is A-BC separable if and only if the conditions We begin with the two X-states 1, 0, 1), (0, 1, 0, 1), (0, 1, 0, 0) ), 0, 1, 1), (0, 0, 1, 1), (0, 0, 1, 0) ), which are B-CA and C-AB separable by (2) and (3), respectively. The mixture of them 1, 1, 2 ), (0, 1, 1, 2), (0, 1, 1, 0)) meets the condition (1), but violates both (2) and (3). Therefore, the three-qubit X-state ̺ 1 satisfies all the conditions (1a), (1b) and (1c).
For the second example, we consider the X-states We note that both ̺ 2B0 and ̺ 2B1 are B-CA separable; both ̺ 2C0 and ̺ 2C1 are C-AB separable; however, the state
violates all the conditions (1), (2) , and (3) and so we conclude that the state ̺ 2 satisfies all the conditions (2a), (2b), (2c), and (2d). In order to construct the third example ̺ 3 of biseparable state, we need the characterization (see [10] , Theorem 6.2) of entanglement witnesses among X-shaped threequbit Hermitian matrices W = X(s, t, u): Recall that W, ̺ ≥ 0 for all A-BC separable states ̺ if and only if the relations
hold, where A, B = Tr (A t B) is the usual bilinear pairing between matrices. Similarly, we have W, ̺ ≥ 0 for all B-CA separable states ̺ if and only if
are satisfied. Finally, W, ̺ ≥ 0 for all C-AB separable states ̺ if and only if
Lemma. Let ̺ be a three-qubit state with the X-part X(a, b, z). Then we have the following:
(ii) if ̺ is a mixture of C-AB or A-BC separable states, then
Proof. Suppose that a i , b i > 0 for all i = 1, 2, 3, 4. We consider X-shaped three-qubit Hermitian matrices W 1 and W 2 as
for θ i = arg z i . Then W 1 and W 2 obey both (4) and (5) . Therefore, we have
For general a i , b i ≥ 0, we apply the above argument to ̺ + εI for ε > 0 and take ε → 0, to complete the proof of statement (i). By the flip on the first and second subsystems of M 2 ⊗ M 2 ⊗ M 2 , we see that (i) implies (ii). Similarly, we consider the flip on the first and third subsystems of Note that ̺ 3B and ̺ 3C are B-CA and C-AB separable, respectively. Therefore, the state ̺ 3 = X((0, 2, 3, 1), (0, 2, 3, 1), (0, 2, 1, 1))
satisfies the conditions (3a) and (3b). The state ̺ 3 meets the conditions (3c) and (3d), because it violates both the relations (1) and (6) . This completes the construction of ̺ 1 , ̺ 2 , and ̺ 3 .
Conclusion
We have exhibited analytic examples of three-qubit biseparable states which belong to the seven classes C 2,6,1 , C 2,6,2 , C 2,6,3 , C 2,4 , C 2,3,1 , C 2,3,2 , and C 2,3,3 , respectively. This
shows that all the classes in the partial separability classification of [7] are nonempty in the tripartite case.
